We introduce nodal-link semimetals, which are topological semimetals with nodal rings nontrivially linked. A general recipe for constructing models of nodal-link semimetal is given. Essential links and fake links are distinguished by a toroidal π Berry phase. Physical consequences in the Landau levels and Floquet properties are investigated.
where τ i 's are Pauli matrices, and a 0 (k) = 0 will be adopted for simplicity (nonzero a 0 can be trivially included, if needed). Nodal rings are protected by crystal symmetries. For concreteness, we assume the PT symmetry [66, 93] that ensures the reality of H(k), i.e., a 2 (k) = 0. Now the spectra are E ± (k) = ± a 2 1 + a 2 3 , and the nodal rings are given by solving a 1 (k) = a 3 (k) = 0. A purpose of this Letter is to construct models with mutually linked nodal rings.
It is quite challenging to achieve it by brute force methods. Fortunately, we find a convenient approach based on Hopf maps [94, 95] , which play special roles in quantum spin systems [94, 96] , topological Hopf insulators [97] [98] [99] [100] [101] [102] , solitons in liquid crystals [103] , quench dynamics of Chern insulators [104] , and minimal models for topologically trivial superconductor-based Majorana zero modes [105] . The Hopf maps are nontrivial mappings from a 3D sphere S 3 to a 2D sphere S 2 , with the interesting character that the preimage circles of two points on S 2 are linked together. Mappings from a 3D torus T 3 to S 2 inherit the nontrivial topology of Hopf maps through T 3 → S 3 → S 2 , where T 3 → S 3 is a map with unit winding number, and S 3 → S 2 is a Hopf map. To describe Hopf maps from the Brillouin zone T 3 to S 2 , it is convenient to introduce a spinor z(k) = (z 1 , z 2 )
T , and define a vector d with component d i (k) = z † τ i z. The unit vector d = d/|d| defines a mapping from the Brillouin zone T 3 to the unit sphere S 2 . The Hopf invariant can be introduced for this mapping [94, 95, 97] . Let us write z 1 = N 1 +iN 2 , z 2 = N 3 +iN 4 , then the Hopf invariant simplifies to [102] 
whereN a is the a-th component of the vector N = (N 1 , N 2 , N 3 , N 4 ) normalized to unit length. Let us consider a point on S 2 , sayn 1 = (0, 1, 0). Apparently, all the preimages ofn 1 have to satisfy
however, the converse is not true, namely, a solution of Eq. (3) is not necessarily a preimage ofn 1 . In fact, the preimages of n 2 = (0, −1, 0) also satisfy Eq.(3). In a single equation, Eq.(3) gives the preimages of bothn 1 andn 2 , which are linked rings when N h is nonzero. This is among key observations of this work. Therefore, we can obtain linked nodal rings by taking
Recall that the a 2 term is absent due to crystal symmetries, as discussed above. This is a quite general approach to construct nodal-link semimetals. As an example, we take [97] [98] [99] [100] [101] [102] 105 ]
which has N h = 1 for 1 < m 0 < 3 and N h = 0 for m 0 > 3. The explicit form of d i 's read
Following Eq.(4), a lattice model for linked nodal rings is
The nodal rings consist of points where both coefficients of τ x and τ z vanish. We find that one of the rings is k y = k z , sin k x = m 0 − i cos k i , and the other is k y = −k z , sin k x = i cos k i −m 0 , shown in light and dark blue, respectively, in Fig.1 . Fig.1(a) shows the unlinked rings for m 0 = 3.2, and Near the critical point, we can expand the Hamiltonian to second order of k i :
where
Exactly at the linkingunlinking transition point ∆ = 0, the dispersion is quadratic in all three spatial directions at k = 0, which is fundamentally different from the nodal-chain semimetals [91, 92] , for which the dispersion is linear in the direction perpendicular to the plane of crossing rings.
Essential links and fake links.-Apparent linkings can be fake, in the sense that the linked rings can be smoothly unlinked, though they are indeed linked in the topological sense. A somewhat trivial example is given as
in which H 1 and H 2 take the form of
where k 1,2 and m 1,2 are real parameters. We consider 1 < m 1,2 < 3, for which there is a nodal ring located in the k z = 0 In contrary, the link in the previous section is an essential one, and the transition to unlinked rings is an unavoidable critical point. The key difference between fake links and essential links is a global Berry phase along the ring. Let us draw a thin torus enclosing one of the linked rings, then the Berry phase along the poloidal direction is always π; in contrast, the Berry phase along the toroidal direction can be 0 or π (mod 2π), corresponding to trivial links and essential links, respectively (The π toroidal Berry phase can be read from the spin texture in Fig.1(f) ). This property allows us to distinguish fake and essential links from the behavior of Bloch Hamiltonian in the vicinity of one ring only.
Landau levels.-The π toroidal Berry phase discussed above can qualitatively affect the Landau levels. It is challenging to find analytic expressions of Landau levels for Eq.(6), however, a different model allows a simple solution. We take
(1). This Bloch Hamiltonian harbors four straight nodal lines at (k x , k y ) = (0, 0), (0, π), (0, π) and (π, π), respectively. When 1 < m 0 < 3, a nodal ring encircling (k x , k y ) = (0, 0) is found as cos k x + cos k y = m 0 − 1 in the k z = 0 plane. Instead of working on this lattice Hamiltonian, we study its continuum limit for simplicity:
z . m = 3 − m 0 , and C = 0.5. We have also done a basis change τ z → τ y for later convenience. This model hosts a nodal line k x = k y = 0 and a nodal ring k 2 x + k 2 y = m/C in the k z = 0 plane, which are linked. Now we add a magnetic field along the z direction, B = Bẑ. It is standard to do the replacement k → Π = −i∇ + eA with A = (0, Bx, 0) [107] . To obtain the Landau levels, it is convenient to introduce the ladder operators,
where l B = 1/ √ eB denotes the magnetic length. The Hamiltonian is then transformed into
]. The Landau levels are found to be
where ω c ≡ 2C/l 2 B . The low energy eigenvalues are around n ∼ 0 and n ∼ m/ω c , the former coming from the central nodal line at k x = k y = 0, while the latter coming from the nodal ring in the k z = 0 plane. As a comparison, we also consider a model with only one ring located in the k z = 0 plane, without linking to anything else:
Following the same steps, we find that the Landau levels are
Comparing Eq.(13) and Eq. (15), we see that the presence of a linked nodal line causes a shift of Landau level index by 1/2, namely, n → n − 1/2, which is a consequence of the π toroidal Berry phase. Such a shift can be measured by magneto-transport or magneto-optical experiments. Floquet Hopf insulator from nodal-link semimetal.-We will show that driving the nodal-link semimetal described by Eq.(10) creates a Floquet Hopf insulator. We consider a periodic driving generated by a circularly polarized light (CPL) propagating in z direction. The vector potential is A(t) = A 0 (cos ωt, η sin ωt, 0), where η = 1 and −1 corresponds to right-handed and left-handed CPL, respectively. The effect of the light is described by the minimal coupling,
As a result, the full Hamiltonian is time-periodic, H(k, t + T ) = H(k, t) with T = 2π/ω, thus, it can be expanded as H(k, t) = n H n (k)e inωt , with
wherem j=1,2 = m − jCe 2 A 2 0 . In the off-resonance regime, the system can be described by an effective time-independent Hamiltonian [108] [109] [110] [111] [112] [113] [114] [115] [116] :
where λ = 4ηe 2 A 2 0 /ω, γ = Ce 2 A 2 0 , and k ρ = k 2 x + k 2 y . The energy spectrum of H eff is fully gapped. For weak driving, the minima of the band are located at k z = 0, Ck 2 ρ =m 2 , and the gap is estimated as E g ≈ 12mC(eA 0 ) 4 /ω. In the CPL approach, this gap is expected to be rather small. It can be promoted to the order of (eA 0 ) 2 by adding a small ∆τ z pseudoZeeman term [117] .
Omitting the τ z term in Eq. (17), it hosts a nodal ring and a nodal line linked together. It is readily checked that the coefficient of τ z is positive on the line and negative on the ring (for η = +1), thus, the corresponding unitd vector is (0, 0, 1) and (0, 0, −1), respectively. This fact suggests that Eq.(17) describes a (Floquet) Hopf insulators [97] [98] [99] [100] [101] [102] , or more precisely, a Floquet Hopf-Chern insulator [101] , because the Chern number C(k z ) = −2 for arbitrary k z , as found in our numerical calculation. In the definition of Hopf invariant [94, 97] , a nonsingular global Berry potential is needed, which is impossible in the presence of nonzero Chern number, nevertheless, we can look at topological surface states. For a thick film perpendicular to the z direction, we can solve the differential equation
, which gives one surface band for each surface, whose dispersion is[117]
where α = + (−) for top (bottom) surface. Shown in Fig.3 , this dispersion is characteristic of a Hopf insulator [97] . For a fixed θ (defined as θ = arctan k y /k x ), the surface state of either top or bottom surface is chiral, which can be understood in terms of a Chern number in the (k ρ , k z ) space [102] .
Conclusions.-We have introduced nodal-link semimetals as new phases in the family of topological semimetals. A general method for their model construction has been put forward. These phases may be realized by tuning the hoppings in optical lattices. Finding solid-state materials for these phases will also be a future direction. Theoretically, our explicit models of linked nodal rings lay useful ground work for topological field theories [118] in the Brillouin zone.
Note added.-After finishing this manuscript, we became aware of a related work by Chen et al [119] .
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It is readily found that the energy spectrum of H eff is fully gapped.
To see how the surface state evolves under the periodic driving, we treat the photo-induced τ z term as a perturbation and consider that the system occupies the z > 0 region. Without the τ z term, the energy dispersion of the surface state can be obtained by solving the eigenvalue equation
where κ 1 = 1/2C, κ 2 = 4C(m 2 − Ck 2 ρ ) − 1/2C, and N is an normalization factor. The normalizability requiresm 2 > Ck 2 ρ , which determines the region within which surface states exist. Without the τ z term, we find that the surface state dispersion is E(k x , k y ) = 0, in other words, the energy spectrum of the surface state is completely flat without the periodic driving. Now we add the photo-induced τ z term. Based on the firstorder perturbation theory, we find
If the system occupies the z < 0 region instead of the z > 0 region, similar procedures lead to similar dispersion as Eq. (23), except that the sign is reversed. Thus, for a finite but sufficiently thick sample, the energy dispersion for the surface states localized at the surfaces is
where α = + (−) for top (bottom) surface. As shown in Fig.3 , the two energy bands of the surface state will cross at certain k ρ , forming a nodal ring in the two dimensional momentum space, which is characteristic of a Hopf insulator. As briefly mentioned in the main article, the size of the gap is of the order of (eA 0 ) 4 , which is generally quite small under realistic experimental conditions. This shortcoming can be overcome by introducing a pseudo-magnetic field ∆τ z into H eff (At this stage, this ∆τ z term is added phenomenologically. Its physical realization depends on specific system in consideration). As long as |∆| < |λ|m 2 1 and η∆ < 0, the driven Hamiltonian remains in the nontrivial Hopf insulating phase, but with the gap modified toẼ g = min{2∆ + E g , 2(|λ|m 2 1 − ∆)}, which is of the order of (eA 0 ) 2 . Moreover, the energy dispersion of the surface states is modified tõ
which is shown in Fig.4 . In the main article, we have studied the effect of periodic driving to the linking nodal lines based on a continuum model. For completeness, we include here the results for a lattice model.
The lattice Hamiltonian is
whose continuum limit is studied in the main article. With the introduction of a circularly polarized light (CPL) propagating in z direction, the effect of periodic driving is described by H(k) → H[k + eA(t)] with A(t) = A 0 (cos ωt, η sin ωt, 0) with η = ±1 denoting the two kinds of helicity of CPL. As the full Hamiltonian is time-periodic, in Fig.5 . Without periodic driving, the energy dispersion of the surface state is found to be completely flat, as shown in Fig.5(a) . In the presence of periodic driving, the surface state becomes dispersive. Besides, the two energy bands of the surface states (from top and bottom surfaces) are found to cross each other along a closed line, which is a characteristic property of Hopf insulators. After adding a pseudo-magnetic field ∆τ z to H eff (note that such a constant term does not affect the form of the photo-induced part of the effective Hamiltonian), the crossing of the two surface energy bands becomes more prominent, as shown in Fig.5(c) . It is apparent that the above results for the lattice model qualitatively agrees with that of the continuum model.
